A complete CAT(0) space X is said to have the nice projection property (property N for short) if its metric projection onto a geodesic segment preserves points on each geodesic segment, that is, for any geodesic segment L in X and
Introduction
A mapping T on a metric space (X, ρ) is said to be a contraction if there exists a constant k ∈ [, ) such that ρ T(x), T(y) ≤ kρ(x, y) for all x, y ∈ X.
(  )
If () is valid when k = , then T is called nonexpansive. A point x ∈ X is called a fixed point of T if x = T(x).
We shall denote by Fix(T) the set of all fixed points of T. One of the powerful iteration methods for finding fixed points of nonexpansive mappings was given by Moudafi [] . More precisely, let C be a nonempty, closed, and convex subset of a Hilbert space H and T : C → C be a nonexpansive mapping with Fix(T) = ∅, the following scheme is known as the viscosity iteration method:
x  = u ∈ C arbitrarily chosen,
where f : C → C is a contraction and {α n } is a sequence in (, ) satisfying (i) lim n→∞ α n = ,
The first extension of Moudafi's result to the so-called CAT() space was proved by Shi and Chen [] . They assumed that the space (X, ρ) must satisfy the property P, i.e., for x, u, y  , y  ∈ X, one has . For x  ∈ C, let {x n } be generated by
where {α n } ⊂ (, ) satisfies the conditions:
Then {x n } converges strongly tox such that x = P Fix(T) (f (x)) which is equivalent to the variational inequality: ). Then there is a unique point q ∈ Fix(T) such that q = P Fix(T) (f (q)). Moreover, for each u ∈ X and for each couple of sequences {α n } and {β n } in (, ) satisfying (i) lim n→∞ α n = , (ii) ∞ n= α n = ∞, and (iii)  < lim inf n β n ≤ lim sup n β n < , the viscosity iterative sequence defined by x  = u, 
Preliminaries
Let [, l] be a closed interval in R and x, y be two points in a metric space (X, ρ). A geodesic joining x to y is a map ξ :
The image of ξ is called a geodesic segment joining x and y which when unique is denoted by [x, y] . The space (X, ρ) is said to be a geodesic space if every two points in X are joined by a geodesic, and X is said to be uniquely geodesic if there is exactly one geodesic joining x and y for each x, y ∈ X. A subset C of X is said to be convex if every pair of points x, y ∈ C can be joined by a geodesic in X and the image of every such geodesic is contained in C.
A geodesic triangle (p, q, r) in a geodesic space (X, ρ) consists of three points p, q, r in X and a choice of three geodesic segments [ 
A geodesic space X is said to be a CAT() space if all of its geodesic triangles satisfy the CAT() inequality. 
We shall denote by tx ⊕ ( -t)y the unique point z satisfying (). Now, we collect some elementary facts about CAT() spaces which will be used in the proof of our main theorem.
Lemma . ([], Lemma .) Let (X, ρ) be a CAT() space. Then ρ tx ⊕ ( -t)y, z ≤ tρ(x, z) + ( -t)ρ(y, z)
for all x, y, z ∈ X and t ∈ [, ].
Lemma . ([], Lemma .) Let (X, ρ) be a CAT() space. Then
Lemma . ([], Lemma ) Let (X, ρ) be a CAT() space. Then ρ tx ⊕ ( -t)z, ty ⊕ ( -t)z ≤ tρ(x, y)
Lemma . (cf. [, ]) Let {x n } and {y n } be bounded sequences in a CAT() space (X, ρ)
and let {β n } be a sequence in [, ] with  < lim inf n β n ≤ lim sup n β n < . Suppose that x n+ = β n x n ⊕ ( -β n )y n for all n ∈ N and
Then lim n→∞ ρ(x n , y n ) = .
Lemma . ([], Lemma .) Let {s n } be a sequence of non-negative real numbers satisfying
where {α n } ⊂ (, ) and {β n } ⊂ R such that
Then {s n } converges to zero as n → ∞.
We finish this section by recalling an important concept of quasi-linearization introduced by Berg and Nikolaev [] . Let us denote a pair (a, b) ∈ X × X by -→ ab and call it a vector. The quasi-linearization is a map ·, · :
It is easy to see that -
We say that (X, ρ) satisfies the Cauchy-Schwarz inequality if
It is known from [], Corollary , that a geodesic space X is a CAT() space if and only if X satisfies the Cauchy-Schwarz inequality. Some other properties of quasi-linearization are included as follows.
Lemma . ([], Lemma .) Let u and v be two points in a CAT
The following fact, which can be found in [] , is an immediate consequence of Lemma ..
Lemma . Let X be a CAT() space. Then
Main theorem
Before proving our main theorem, we need one more lemma, which is proved by Wangkeeree and Preechasilp (see [] , Theorem .).
Lemma . Let C be a nonempty, closed, and convex subset of a complete CAT() space X, T : C → C be a nonexpansive mapping with Fix(T) = ∅, and f : C → C be a contraction with k ∈ [, ). For each t ∈ (, ), let {z t } be given by
Then {z t } converges strongly tox as t → . Moreover,x = P Fix(T) (f (x)) andx also satisfies the following variational inequality:
Now, we are ready to prove our main theorem. ). For the arbitrary initial point u ∈ C, let {x n } be generated by
where {α n } and {β n } are sequences in (, ) satisfying the following conditions:
Then {x n } converges strongly tox such thatx = P Fix(T) (f (x)) andx also satisfies
Proof We divide the proof into three steps.
Step . We show that {x n }, {y n }, {T(x n )}, and {f (x n )} are bounded sequences. Let p ∈ Fix(T). By Lemma ., we have
By induction, we also have
Hence, {x n } is bounded and so are {y n }, {f (x n )}, and {T(x n )}.
Step . We show that lim n→∞ ρ(x n , T(x n )) = . By applying Lemma . twice for geodesic triangles (f (x n ), T(x n ), T(x n+ )) and (f (x n ), f (x n+ ), T(x n+ )), respectively, we obtain ρ(y n , y n+ ) ≤ ( -α n )ρ T(x n ), T(x n+ ) + |α n -α n+ |ρ f (x n ), T(x n+ ) + α n+ ρ f (x n ), f (x n+ ) ≤ ( -α n )ρ(x n , x n+ ) + |α n -α n+ |ρ f (x n ), T(x n+ ) + α n+ kρ(x n , x n+ ), which implies ρ(y n , y n+ ) -ρ(x n , x n+ ) ≤ (α n+ k -α n )ρ(x n , x n+ ) + |α n -α n+ |ρ f (x n ), T(x n+ ) .
Since lim n→∞ α n = , lim sup n→∞ (ρ(y n+ , y n ) -ρ(x n+ , x n )) ≤ . By Lemma . we have lim n→∞ ρ(x n , y n ) = . Thus, ρ x n , T(x n ) ≤ ρ(x n , y n ) + ρ y n , T(x n ) = ρ(x n , y n ) + α n ρ f (x n ), T(x n ) →  as n → ∞.
